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The relevant characteristic features, including energy per unit length and tension, of a cosmic
string carrying massless fermionic currents in the framework of the Witten model in the neutral limit
are derived through quantization of the spinor fields along the string. The construction of a Fock
space is performed by means of a separation between longitudinal modes and the so-called transverse
zero energy solutions of the Dirac equation in the vortex. As a result, quantization leads to a set
of naturally defined state parameters which are the number densities of particles and anti-particles
trapped in the cosmic string. It is seen that the usual one-parameter formalism for describing the
macroscopic dynamics of current-carrying vortices is not sufficient in the case of fermionic carriers.
98.80.Cq, 11.27.+d
I. INTRODUCTION
The mechanism of spontaneous symmetry breaking involved in early universe phase transitions in some Grand
Unified Theories (GUT) might lead to the formation of topological defects [1]. Among them, only cosmic strings
happen to be compatible with observational cosmology if they form at the GUT scale. It was shown however by
Witten [2] that, depending on the explicit realization of the symmetry breaking scheme as well as on the various
particle couplings, a current could build along the strings, thereby effectively turning them into superconducting
wires. Such wires were originally considered in the case the current couples to the electromagnetic field so they may
be responsible for a variety of new effects, including an explosive scenario for large scale structure formation for
which an enormous energy release was realized in the form of an expanding shell of non propagating photons in the
surrounding plasma [3].
The cosmology of strings has been the subject of intense work in the last twenty years or so [4], mainly based
on ordinary strings, global or local, aiming at deriving the large scale structure properties stemming from their
distribution as well as their imprint in the microwave background [5]. It was even shown [6] that the most recent
data [7] might support a non negligible contribution of such defects. As such a result requires ordinary strings, it
turns out to be of uttermost importance to understand the influence of currents in the cosmological context.
Indeed, it can be argued that currents might drastically modify the cosmological evolution of a string network: The
most clearly defined consequence of the existence of a current flowing along a vortex is the breaking of the boost
invariance, since the current itself defines a privileged frame. In other words, the energy per unit length U and the
tension T become two different numbers, contrary to the ordinary (Goto-Nambu [8]) case. As a result, string loops
become endowed with the capability of rotation (the latter being meaningless for U = T ), and the induced centrifugal
force permits equilibrium configurations, called vortons [9]. They would very rapidly reach a regime where they would
scale as ordinary non relativistic matter, until they come to completely dominate the Universe [10].
In the original Witten model [2], currents could form by means of two different mechanisms. Scalar fields, directly
coupled with the string forming Higgs field, could feel a localized potential into which they could accumulate in
the form of bound states, while fermions could be trapped along the string, propagating at the speed of light, as
zero energy solutions of the two dimensional Dirac equation around the vortex. Other models were proposed where
fermions could also propagate in the string core at lower velocities in the form of massive modes [11], or (possibly
charged) vector fields could also condense [12]. All these models have essentially made clear that the existence of
currents in string is much more than a mere possibility but rather an almost unavoidable fact in realistic particle
physics theories.
For scalar as well as vector carriers, the task of understanding the microphysics is made simple thanks to their
bosonic nature: all the trapped particles go into the same lowest accessible energy state and the field can be treated
classically [13,14]. Even the surrounding electromagnetic [15] and gravitational [16,17] fields generated by the current
can be treated this way and the backreaction can be included easily [18].
Meanwhile, a general formalism was set up by Carter [19] to describe current-carrying string dynamics. The
formalism is based on a single so-called state parameter, w say, of which the energy per unit length, the tension
and the current itself are functions. Such a formalism relied heavily on the fact that for a bosonic carrier, the
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relevant quantity whose variation along the string leads to a current is its phase, and the state parameter is essentially
identifiable to this phase gradient. Various equations of state relating the tension to the energy per unit length were
then derived [20], based on numerical results and the existence of a phase frequency threshold [14]. It even includes
the special case of a chiral current [21], although the latter originates in principle only for a purely fermionic current.
Therefore, it was until now implicitly assumed that such a formalism would be sufficient to describe whatever current-
carrying string configuration. It will be shown in this paper that this is in fact not true and an extended version,
including more than one parameter, is needed [22].
The state parameter formalism, apart from being irrelevant for fermionic current-carrying strings, can only provide
a purely classical description of their dynamics. This is unfortunate since the most relevant prediction of supercon-
ducting cosmic string models in cosmology is the existence of the vorton states discussed above. These equilibrium
configurations of rotating loops are not necessarily stable, and in fact, this is perhaps the most important question
to be answered on this topic. Indeed, any theory leading to the the existence of absolutely stable vortons predicts
a cosmological catastrophe [10] and must be ruled out. One may therefore end up with a very stringent constraint
on particle physics extension of the standard model of electroweak and strong interactions. To decide clearly on this
point requires to investigate both the classical and the quantum stability of vortons.
Classical stability has already been established in the case of bosonic carriers [23] for whatever equation of state [24]
on the basis of the one parameter formalism. Yet it will also have to be addressed in the more general context that will
be discussed below. In the meantime it was believed that a quantum treatment was necessary in order to decide on
the quantum stability: as one wants to compare the characteristic life-time of a vorton with the age of the Universe,
quantum effects can turn out to be relevant; hence the following work in which the simplest of all fermionic Witten
models is detailed [2] that can give rise to both spacelike as well as timelike charge currents, generalizing the usual
point of view [25].
Let us sketch the lines along which this work is made.
A two-dimensional quantization of the spinor fields involved along a string is performed. Owing to anti-particle
exitation states, one can derive the conditions under which the current is of arbitrary kind. Moreover, an equation of
state giving the energy per unit length and the tension is obtained that involves four different state parameters which
are found to be the number densities of fermions, although three of them only happen to be independent.
In section II, the model is presented and motivated, and the equations of motion are derived. Then in section III,
we obtain plane wave solutions along the string by separating transverse and longitudinal dependencies of spinor fields
in the vortex. The zero mode transverse solutions are then constraints to be normalizable in order to represent well
defined wave functions. The quantization restricted to massless longitudinal modes is performed in section IV. As a
result, the classical conserved currents obtained from Noether theorem, like energy-momentum tensor and fermionic
currents, are expressed in their quantum form. All these quantum operators end up being functions of the fermionic
occupation numbers only. In the last section (section V), the classical expressions for the energy per unit length and
the tension are derived and discussed from computation of quantum observable values of the stress tensor operator
in the classical limit. Contrary to the bosonic current-carrier case where there is only one state parameter [14], the
classical limit of the model involves four state parameters in order to fully determine the energy per unit length and
the tension. The cosmological consequences of this new analysis are briefly discussed in the concluding section.
II. EQUATIONS OF MOTION
We are going to be interested in the purely dynamical effects a fermionic current flowing along a cosmic string may
have. The model we will be dealing with here is a simplified version of that proposed by Witten [2] which involves two
kinds of fermions, in the neutral limit. This limit, for which the coupling between fermions and electromagnetic-like
external fields is made to vanish, permits an easy recognition of the dynamical effects of the existence of an internal
structure as in Ref. [14].
A. Particle content
The model we shall consider involves a complex scalar Higgs field, Φ say, with conserved charge qcΦ under a local
U(1) symmetry, together with the associated gauge vector field Bµ. In this simple Abelian Higgs model [26], vortices
can form after spontaneous breaking of the U(1) symmetry. The minimal anomaly free model [2] with spinor fields
requires two Dirac fermions denoted Ψ and X , with opposite electromagnetic-like charges, getting their masses from
chiral coupling with the Higgs field and its complex conjugate. They also have conserved gauge charges from invariance
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under the broken U(1) symmetry, qcψR , qcψL , qcχR , and qcχL , for the right- and left-handed parts of the two fermions
respectively. The Lagrangian of the model therefore reads
L = Lh + Lg + Lψ + Lχ (1)
with Lh, Lg and Lψ , Lχ, respectively the Lagrangian in the Higgs, gauge, and fermionic sectors. In terms of the
underlying fields, they are
Lh = 1
2
(DµΦ)
†(DµΦ)− V (Φ), (2)
Lg = −1
4
HµνH
µν , (3)
Lψ = i
2
[
ΨγµDµΨ− (DµΨ)γµΨ
]− gΨ1 + γ5
2
ΨΦ− gΨ1− γ5
2
ΨΦ∗, (4)
Lχ = i
2
[XγµDµX − (DµX )γµX ]− gX 1 + γ5
2
XΦ∗ − gX 1− γ5
2
XΦ, (5)
where we have used the notation
DµΦ = (∇µ + iqcφBµ)Φ, (6)
DµΨ = (∇µ + iq cψR + cψL
2
Bµ + iq
cψR − cψL
2
γ5Bµ)Ψ, (7)
DµX = (∇µ + iq cχR + cχL
2
Bµ + iq
cχR − cχL
2
γ5Bµ)X , (8)
Hµν = ∇µBν −∇νBµ, (9)
V (Φ) =
λ
8
(|Φ|2 − η2)2. (10)
The equivalence with the Witten model [2] appears through a separation into left- and right-handed spinors. Let us
define ΨR and ΨL, respectively the right- and left-handed parts of the Dirac spinor field Ψ (and the same for X ),
eigenvectors of γ5,
ΨR =
1 + γ5
2
Ψ, and ΨL =
1− γ5
2
Ψ. (11)
The Lagrangian for the spinor field Ψ now reads
Lψ = i
2
[
ΨRγ
µDµΨR − (DµΨR)γµΨR
]
+
i
2
[
ΨLγ
µDµΨL − (DµΨL)γµΨL
] − gΨLΨRΦ− gΨRΨLΦ∗, (12)
with the associated covariant derivatives
DµΨR(L) = (∇µ + iqcψR(L)Bµ)ΨR(L). (13)
It is clear with the Lagrangian expressed in this way that the invariance of the action under U(1) transformations
requires
cψL − cψR = cφ = cχR − cχL . (14)
B. Equations of motion
As we wish to deal with a cosmic string, the Higgs and gauge fields can be set as a vortex-like Nielsen–Olesen
solution and they can be written in cylindrical coordinates as follows [30]
Φ = ϕ(r)eiα(θ), Bµ = B(r)δµθ . (15)
In order for the Higgs field to be well defined by rotation around the string, its phase has to be proportional to the
orthoradial coordinate, α(θ) = nθ, where the integer n is the winding number. The new fields ϕ and α are now real
scalar fields and are solutions of the equations of motion
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∇µ∇µϕ = ϕQµQµ − dV (ϕ)
dϕ
−Ψ∂mψ
∂ϕ
Ψ−X ∂mχ
∂ϕ
X , (16)
∇µ
(
ϕ2Qµ
)
= −Ψ∂mψ
∂α
Ψ−X ∂mχ
∂α
X , (17)
where
Qµ = ∇µα+ qcφBµ, (18)
mψ = gϕ cosα+ igϕγ5 sinα, (19)
mχ = gϕ cosα− igϕγ5 sinα. (20)
In the same way, the equations of motion for the gauge and spinor fields are
∇µHµν = jνψ + jνχ − qcφϕ2Qν , (21)
iγµ∇µΨ =
∂jµψ
∂Ψ
Bµ +mψΨ, (22)
i
(∇µΨ) γµ = −∂jµψ
∂Ψ
Bµ − Ψmψ, (23)
iγµ∇µX =
∂jµχ
∂X Bµ +mχX , (24)
i
(∇µX ) γµ = −∂jµχ
∂X Bµ −Xmχ. (25)
The fermionic currents jµ
ψ(χ) have axial and vectorial components due to the different coupling between left- and
right-handed spinors to the gauge field. The two kinds of current are required to respect gauge invariance of the
Lagrangian. In terms of spinor fields, they read
jµ
ψ(χ) = j
µ
ψV (χV )
+ jµ
ψA(χA)
, (26)
with
jµψV = q
cψR + cψL
2
ΨγµΨ, jµχV = q
cχR + cχL
2
XγµX ,
jµψA = q
cψR − cψL
2
Ψγµγ5Ψ, j
µ
χA
= q
cχR − cχL
2
Xγµγ5X .
(27)
III. TRANSVERSE SOLUTIONS AS ZERO MODES
A. Plane wave solutions
The study of the fermionic fields trapped along the string can be performed by separating the longitudinal and
transverse solutions of the equations of motion. The plane wave solutions are therefore expressed in the generic form
Ψ
(±)
p = e±i(ωt−kz)

ξ1(r)e
−im1θ
ξ2(r)e
−im2θ
ξ3(r)e
−im3θ
ξ4(r)e
−im4θ
 , X (±)p = e±i(ωt−kz)

ζ1(r)e
−il1θ
ζ2(r)e
−il2θ
ζ3(r)e
−il3θ
ζ4(r)e
−il4θ
 . (28)
Inside the vortex, the numbers mi and li have to be integers in order to produce well defined spinors by rotation
around the string. In the following, the Dirac spinors will be expressed in the chiral representation, and the metric is
assumed to have the signature (+,−,−,−). Plugging the expression (28) into the equations of motion (22) and (24)
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yields the differential system
(
dξ1
dr
+
1
r
[−qcψRB(r) +m1] ξ1(r)
)
e−i(m1−1)θ − igϕ(r)e−i(m4+n)θξ4(r) = ∓i(k + ω)ξ2(r)e−im2θ,(
dξ2
dr
+
1
r
[qcψRB(r) −m2] ξ2(r)
)
e−i(m2+1)θ − igϕ(r)e−i(m3+n)θξ3(r) = ±i(k − ω)ξ1(r)e−im1θ,(
dξ3
dr
+
1
r
[−qcψLB(r) +m3] ξ3(r)
)
e−i(m3−1)θ + igϕ(r)e−i(m2−n)θξ2(r) = ∓i(k − ω)ξ4(r)e−im4θ,(
dξ4
dr
+
1
r
[qcψLB(r) −m4] ξ4(r)
)
e−i(m4+1)θ + igϕ(r)e−i(m1−n)θξ1(r) = ±i(k + ω)ξ3(r)e−im3θ.
(29)
Similar equations are obtained for the field X with the following transformations, ξ → ζ, cψR(L) → cχR(L) , and
n→ −n, because of its coupling to the anti-vortex instead of the vortex. Note that if, instead of the vectorial phases
ansatz (28), we had chosen a matricial phases ansatz in the form
Ψ(±)p = e
±i(ωt−kz)

ξ11(r)e
−im11θ + . . .+ ξ14(r)e
−im14θ
ξ21(r)e
−im21θ + . . .+ ξ24(r)e
−im24θ
ξ31(r)e
−im31θ + . . .+ ξ34(r)e
−im34θ
ξ41(r)e
−im41θ + . . .+ ξ44(r)e
−im44θ
 , (30)
we would have found, from the requirement of having at most four independent phases in the equations of motion,
that the matrix mij has to verify for all i, mij = mik, for all (j, k). Consequently, the vectorial ansatz (28) is the
most general for solutions with separated variables.
B. Transverse solutions
From the differential system (29), it is obvious that the four phases mi cannot be independent parameters if the
spinors fields are not identically zero. It is also impossible to find three independent phase parameters since each
equation involves precisely three different angular dependencies. The only allowed angular separation requires two
degrees of freedom in θ, and the only relevant relation for trapped modes in the string reads from Eq. (29)
m1 − 1 = m4 + n, m2 + 1 = m3 + n. (31)
1. Zero modes
Introducing the two integer parameters p = m1 and q = m3, and using equation (31), for p 6= q + n, the system
(29) reduces to the set 
dξ2
dr
+
1
r
[qcψRB(r)− (q + n− 1)] ξ2(r) − igϕ(r)ξ3(r) = 0,
dξ3
dr
+
1
r
[−qcψLB(r) + q] ξ3(r) + igϕ(r)ξ2(r) = 0,
(k + ω)ξ2(r) = 0,
(k + ω)ξ3(r) = 0,
(32)

dξ1
dr
+
1
r
[−qcψRB(r) + p] ξ1(r) − igϕ(r)ξ4(r) = 0,
dξ4
dr
+
1
r
[qcψLB(r) − (p− n− 1)] ξ4(r) + igϕ(r)ξ1(r) = 0,
(k − ω)ξ1(r) = 0,
(k − ω)ξ4(r) = 0.
(33)
There are two kinds of solutions which propagate along the two directions of the string at the speed of light and which
were originally found by Witten [2]: Either k = ω and ξ2 = ξ3 = 0, or k = −ω and ξ1 = ξ4 = 0. These zero modes
must also be normalizable in the transverse plane of the string in order to be acceptable as wave functions.
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2. Index theorem
In the two cases k = ω and k = −ω, we will call the corresponding zero modes, Xψ(r, θ) and Yψ(r, θ), the solutions
of the systems (32) and (33), respectively, i.e.,
Xψ =

0
ξ2(r)e
−i(q+n−1)θ
ξ3(r)e
−iqθ
0
 , Yψ =

ξ1(r)e
−ipθ
0
0
ξ4(r)e
−i(p−n−1)θ
 . (34)
These have to be normalizable in the sense that
∫ |Xψ|2r dr dθ and ∫ |Yψ|2r dr dθ must be finite. Thanks to the
regularity of the vortex background, the divergences in these integrals can only arise close to the string core or
asymptotically far away from it. As a result, it is sufficient to study asymptotic behaviors of the solutions to decide
on their normalizability [27].
Let us focus on the zero mode Xψ solution of Eq. (32), keeping in mind that Yψ can be dealt with in the same way.
The asymptotic behaviors at infinity are easily found as solutions of the limit at infinity of the differential system
(32). Note that the identification between the equivalent solutions and the solutions of the equivalent system is only
allowed by the absence of singular point for the system at infinity, and it will not be so near the string since r = 0 is a
singular point, so that the Cauchy theorem does no longer apply. From Eq. (32), the eigensolutions of the equivalent
system at infinity are in the form exp (±gηr), and thus, there is only one normalizable solution at infinity.
Near the string, i.e., where r → 0, the system is no longer well defined, the origin being a singular point. Approximate
solutions can however be found by looking at the leading term of a power-law expansion of both system and functions,
as originally suggested by Jackiw and Rossi [27]. Because the Cauchy theorem does no longer apply, many singular
solutions might be found at the origin, and among them, the two generic ones which match with the two exponentials
at infinity. Near the origin, the Higgs and gauge fields are known to behave like [30]
ϕ(r) ∼ ϕor|n|, B(r) ∝ r2, (35)
so that the leading contribution near the string of the zero modes can be found as
ξ2(r) ∼ a2rα2 , (36)
ξ3(r) ∼ a3rα3 , (37)
with ai and αi real parameters to be determined. The values of the exponents αi are therefore given by the leading
order terms in system (32), and one obtains three solutions, the first one of which being singular,(
ξ2
ξ3
)
s
=
(
a2r
q+n−1
a3r
−q
)
, provided −|n|+ n
2
< q < 1 +
|n| − n
2
. (38)
The two other solutions are the generic ones which have to match with the solutions at infinity(
ξ2
ξ3
)
g1
=
(
a2(a3)r
−q+|n|+1
a3r
−q
)
, and
(
ξ2
ξ3
)
g2
=
(
a2(a3)r
q+n−1
a3r
q+|n|+n
)
, (39)
where the relationships between the parameters ai have not been written, since they are clearly obtained from Eq. (32).
Normalizability near the origin requires that the integrals
∫ |ξ2|2 r dr and ∫ |ξ3|2 r dr converge, and this yields
− n < q < 1. (40)
Analogous considerations for the system (33) show the convergence criterion in this case to be
n < p < 1. (41)
The number of sets of parameters p and q satisfying the previous inequalities is precisely the number of well defined
zero modes, respectively Yψ and Xψ, which are also normalizable. In order to match with the single well behaved
solution at infinity, the two independent solutions near the string have to be integrable. Therefore, for a vortex solution
with a positive winding number n, there are only n normalizable zero modes, which are the Xψ ones. Similarly in
the case of an anti-vortex with negative winding number −|n|, one finds also |n| zero modes Yψ . This is the index
theorem found by Jackiw and Rossi [27]. Recall that the model involves two kinds of fermions, and all the previous
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considerations apply as well for the field X with the simple transformation n→ −n. Therefore, the normalizable zero
modes are swapped compared to those of the field Ψ.
Finally, for a vortex with positive winding number n, there are always n massless plane wave solutions for both
spinor fields, which read
Ψ(±)p = e
±ik(t+z)

0
ξ2(r)e
−i(q+n−1)θ
ξ3(r)e
−iqθ
0
 = e±ik(t+z)Xψ(r, θ), (42)
X (±)p = e±ik(t−z)

ζ1(r)e
−ipθ
0
0
ζ4(r)e
−i(p+n−1)θ
 = e±ik(t−z)Yχ(r, θ), (43)
with now q = m3 and p = l1 which satisfy
−n < q < 1, and −n < p < 1. (44)
Note that they are eigenvectors of the γ0γ3 operator, and they basically verify
Xψγ
0Xψ = |Xψ|2, Xψγ5γ0Xψ = −|ξ2|2 + |ξ3|2, Xψγ3Xψ = −|Xψ|2,
Xψγ
1(2)Xψ = 0, Xψγ5γ
3Xψ = |ξ2|2 − |ξ3|2, Xψγ5γ1(2)Xψ = 0,
Yψγ
0Yψ = |Yψ|2, Yψγ5γ0Yψ = −|ξ1|2 + |ξ4|2, Yψγ3Yψ = |Yψ|2,
Yψγ
1(2)Yψ = 0, Yψγ5γ
3Yψ = −|ξ1|2 + |ξ4|2, Yψγ5γ1(2)Yψ = 0.
(45)
The X zero modes Xχ and Yχ verify the same relationships with ξi replaced by ζi.
3. Massive modes
The case m1 = m3 + n allows four-dimensional solutions of the system (29). In Particular, these solutions do no
longer require ω = ±k and therefore represent massive modes. As before, the interesting behaviors of these modes
are found by studying the solutions of the equivalent system asymptotically and by looking for the leading term of a
power-law expansion of both system and solution near the string core.
At infinity, the system is well defined and there are two twice degenerate eigensolutions exp (±Ωr) out of which two
are normalizable, with
Ω =
√
g2η2 − (ω2 − k2). (46)
Near the origin, at r = 0, the system is singular, and because of its four dimensions there are much more singular
solutions than the previous two dimensional case, and among them the four generic ones which match with the four
ones at infinity. The leading term in asymptotic expansion can be written in a standard way
ξi(r) ∼ airαi . (47)
Plugging these expressions in the system (29) with Eq. (35), and keeping only leading terms at r = 0 gives, after some
algebra, the four generic solutions ξ1ξ2ξ3
ξ4

g1
=

a1r
−m
a2(a1)r
−m+1
a3(a1)r
−m+|n|+2
a4(a1)r
−m+|n|+1
 ,
 ξ1ξ2ξ3
ξ4

g2
=

a1r
m+|n|−n
a2(a1)r
m+|n|−n+1
a3(a1)r
m−n
a4(a1)r
m−n−1
 ,
 ξ1ξ2ξ3
ξ4

g3
=

a1r
m
a2(a1)r
m−1
a3(a1)r
m+|n|
a4(a1)r
m+|n|+1
 ,
 ξ1ξ2ξ3
ξ4

g4
=

a1r
−m+|n|+n+2
a2(a1)r
−m+|n|+n+1
a3(a1)r
−m+n
a4(a1)r
−m+n+1
 ,
(48)
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with m = m1, and where the relationships between the coefficients ai have not been written as they are essentially
given by a linear system in ai given by Eq. (29). The solutions (48) will be normalizable near the string if, for all
i,
∫ |ξi|2 r dr is finite. Moreover there will be, at least, always one massive bound state if there are at least three
normalizable eigensolutions to match with the well-defined ones at infinity. This is only allowed if the parameter m
verifies simultaneously three of the following conditions
sup (0, n) < m < inf (1, 1 + n). (49)
Because m is necessary an integer, this condition cannot be achieved. This criterion, originally derived and used by
Jackiw and Rossi in order to enumerate the number of zero modes in a vortex-fermion system [27], is only sufficient
and thus, normalizable massive bound states may exist, but are model dependent since it is necessary that a particular
combination of the two normalizable eigenmodes near the string core match exactly with a particular combination of
the two well-defined ones at infinity.
Such massive bound states depend therefore of the particular values of the model parameters. Recently, it was shown
numerically [25] that the Abelian Higgs model with one Weyl fermion admits always at least two massive bound states,
as a result, the present toy model also may have such states. However, in order to simplify the quantization, we will
only consider the generic zero modes, and consequently, the following results will be relevant for cosmic string only
when the occupancy of the massive bound states can be neglected compared to the occupancy of the zero mode states.
Such physical situations are likely to occur far below the energy scale where the string was formed, since the massive
states are generally expected to decay much more rapidly than the massless ones [25].
The generic massless normalizable transverse solutions of the fermionic equations of motion in the string with
winding number n are the n zero modes. For the spinor field Ψ coupled with the vortex, we find that the particles
and the anti-particles can only propagate at the speed of light in one direction, “−z” say direction along the string,
whereas the spinor field X propagates in the opposite, “+z” direction. The existence of such plane waves allows us
to quantize the spinor fields along the string. The zero modes themselves will therefore be transverse wave functions
giving the probability density for finding a trapped mode at a chosen distance from the string core.
IV. FOCK SPACE ALONG THE STRING
The spinor fields can be expanded on the basis of the plane wave solutions computed above. A canonical quantization
can then be performed along the z-axis which provides analytical expressions for these fields in two dimensions once
the transverse degrees of freedom have been integrated over. It is therefore possible to compute the current operators
as well as their observable values given by their averages in a particular Fock state. In the following we shall take
a vortex with a unit winding number n = 1 and the subscript of the zero modes Xψ and Yχ will be forgotten since
there is not possible confusion.
A. Canonical quantization
We shall first be looking for a physical expansion of the spinor fields in plane waves, in the sense that creation and
annihilation operators are well defined. The Hamiltonian is then calculable as a function of these and will be required
to be positive to yield a reasonable theory.
1. Quantum fields
As shown above, the spinor fields Ψ and X propagate in only one direction, therefore in expressions (42) and (43)
the momentum k can be chosen positive definite. Let us, once again, focus on the spinor field Ψ. The natural way to
expand it in plane waves of positive and negative energies is
Ψ =
∫ ∞
0
dk
2π2k
[
b†(−k)eik(t+z) + b(−k)e−ik(t+z)
]
X. (50)
The Fourier transform of Ψ on positive and negative energies has been written with similar notation b† and b unlike in
the free spinor case. Indeed, note that, in the string, the zero modes are the same for both positive and negative energy
waves, so that the only way to distinguish particles from anti-particles is in the sign of the energy. The integration
measure dk/(2π2k) is the usual Lorentz invariant measure in two dimensions. Note that k is chosen always positive
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in order to represent physical energy and momentum actually carried by the field along the string; hence the negative
sign in b†(−k) and b(−k), which is a reminder that the spinor field Ψ propagates in the “−z” direction. In the same
way, the field X is expanded as
X =
∫ ∞
0
dk
2π2k
[
d†(k)eik(t−z) + d(k)e−ik(t−z)
]
Y . (51)
The Fourier transform will be written with the normalization convention∫
dz ei(k−k
′)z = 2πδ(k − k′). (52)
2. Creation and annihilation operators
The Fourier coefficients can be expressed as functions of the spinor field Ψ or Ψ†. With equation (50) and (52), let
us compute the following integral∫
r dr dθ dz eik(t+z)X†Ψ =
∫
dk′
2k′
[
b†(−k′)δ(k + k′) + b(−k′)δ(k − k′)]‖X‖2 = ‖X‖2
2k
b(−k), (53)
where we have defined
‖X‖2 ≡
∫
r dr dθ |X |2. (54)
Note that the separation between b and b† only arises from the chirality of the spinor field because the integration is
performed only over positive values of the momentum k; this is why the δ(k + k′) term vanishes. In the following we
will assume that the zero modes are normalized to unity, ‖X‖2 = 1, and ‖Y ‖2 = 1. Playing with similar integrals
gives us the other expansion coefficients
b(−k) = 2k
∫
r dr dθ dz eik(t+z)X†Ψ, b†(−k) = 2k
∫
r dr dθ dz e−ik(t+z)Ψ†X,
b†(−k) = 2k
∫
r dr dθ dz e−ik(t+z)X†Ψ, b(−k) = 2k
∫
r dr dθ dz eik(t+z)Ψ†X,
(55)
and the corresponding relations for the spinor field X
d†(k) = 2k
∫
r dr dθ dz e−ik(t−z)Y †X , d(k) = 2k
∫
r dr dθ dz eik(t−z)X †Y ,
d(k) = 2k
∫
r dr dθ dz eik(t−z)Y †X , d†(k) = 2k
∫
r dr dθ dz e−ik(t−z)X †Y .
(56)
From these, one gets the necessary relations to define creation and annihilation operators
b†(−k) = [b(−k)]† , and b†(−k) = [b(−k)]† ,
d†(k) = [d(k)]
†
, and d†(k) = [d(k)]
†
.
(57)
3. Commutation relations
The canonical quantization is performed by the transformation of Poisson brackets into anticommutators. Here, we
want to quantize the spinor fields only along the string, and therefore let us postulate the anticommutation rules at
equal times for the quantum fields{
Ψα(t, ~x),Ψ
†β(t, ~x′)
}
= δ(z − z′)Xα(r, θ)X†β(r′, θ′), (58){Xα(t, ~x),X †β(t, ~x′)} = δ(z − z′)Yα(r, θ)Y †β(r′, θ′), (59)
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with α and β the spinorial indices, and all the other anticommutators vanishing. With equation (55) and these
anticommutation rules, it follows immediately, for creation and annihilation operators, that{
b(−k), b†(−k′)} = {b(−k), b†(−k′)} = 2π2k2k′δ(k − k′),{
d(k), d†(k′)
}
=
{
d(k), d†(k′)
}
= 2π2k2k′δ(k − k′),
(60)
with all other anticommutators vanishing. From the expressions (50) and (51) and with the anticommutation rules
(60), it is possible to derive the anticommutator between two quantum field operators at any time. For instance, the
anticommutator between Ψ and Ψ† reads{
Ψα(x),Ψ
†β(x′)
}
=
∫
dk dk′
(2π)22k2k′
{
b†(−k)eik(t+z) + b(−k)e−ik(t+z), b(−k′)e−ik′(t′+z′) +
+ b†(−k′)eik′(t′+z′)
}
Xα(r, θ)X
†β(r′, θ′). (61)
Thanks to the delta function coming from the anticommutators between the b and b†, this expression reduces to{
Ψα(x),Ψ
†β(x′)
}
= i∂t∆(t− t′ + z − z′)Xα(r, θ)X†β(r′, θ′), (62)
with ∆(x) the well known Pauli-Jordan function which vanishes for spacelike separation, so the spinor fields indeed
respect micro-causality along the string.
4. Fock states
The Fock space can be built by application of the creation operators on the vacuum state |∅〉 which by definition
has to satisfy
b(−k)|∅〉 = b(−k)|∅〉 = d(k)|∅〉 = d(k)|∅〉 = 0, (63)
and is normalized to unity, i.e., 〈∅|∅〉 = 1. Each Fock state represents one possible combination of the fields exitation
levels. Let |P〉 be a Fock state representing Nψ particles labeled by i and Nψ anti-particles labeled by j, of kind Ψ,
with respective momenta ki and lj , and, Nχ particles labeled by p and Nχ anti-particles labeled by q, of kind X , with
respective momenta rp and sq. By construction the state is
|P〉 = b†(−k1) . . . b†(−ki) . . . b†(−kNψ)b†(−l1) . . . b†(−lj) . . . b†(−lNψ)d†(r1) . . .
. . . d†(rp) . . . d
†(rNχ)d
†(s1) . . . d
†(sq) . . . d
†(s
Nχ
)|∅〉. (64)
Normalizing such a state is done thanks to the anticommutators (60). For instance, for a one particle Ψ state with k
momentum, using Eq. (63), the orthonormalization of the corresponding states reads
〈k′|k〉 = 2π2k2k′δ(k − k′). (65)
Obviously similar relations apply to all the other particle and anti-particle states. Keeping in mind that the observable
values of quantum operators are their eigenvalues in a given quantum state, let us compute the average of the
occupation number operator involved in many quantum operators, as will be shown. For Ψ particles it is
〈P|b†(−k)b(−k′)|P〉
〈P|P〉 =
2π
δ(0)
2k2k′
∑
i
δ(k − ki)δ(k′ − ki) (66)
and analogous relations for the other particle and anti-particle states. By definition of the Fourier transform (52), the
infinite factor δ(0) is simply an artifact related to the length of the string L by
L = 2πδ(0), (67)
in the limit where this string length L → ∞. Note that using periodic boundary conditions on L allows to consider
large loops with negligible radius of curvature.
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B. Fermionic energy momentum tensor
The simplest way to derive an energy momentum tensor already symmetrized is basically from the variation of the
action with respect to the metric. Moreover, the Hamiltonian density of the fermion Ψ,
Hψ = ∂tΠψΨ+ ∂tΨΠψ − Lψ , (68)
with Π the conjugate field Π = iΨγ0, is also equal to the T ttψ component of the stress tensor. In our case the metric
is cylindrical and we assume a flat Minkowski space-time background, thus in the fermionic sector the stress tensor
reads
T µνψ = 2
δLψ
δgµν
− gµνLψ and T µνχ = 2
δLχ
δgµν
− gµνLχ. (69)
Once again, let us focus on Ψ. Plugging Eq. (4) into Eq. (69) gives
T µνψ =
i
2
Ψγ(µ∂ν)Ψ− i
2
(
∂(µΨ
)
γν)Ψ−B(µjν)
ψ
. (70)
1. Symmetrized Hamiltonian
From Noether theorem, the Hamiltonian P t is also given by the conserved charge associated with the time component
of the energy momentum tensor
T ttψ = iΨγ
0∂tΨ− i
(
∂tΨ
)
γ0Ψ. (71)
Thanks to the expression of the quantum fields in equations (50) and (51), and using the properties of the zero modes
from Eq. (45), the quantum operator associated to T ttψ reads
T ttψ =
1
2
∫
dk dk′
(2π)22k
[(
−b(−k)b†(−k′) + b†(−k′)b(−k)
)
ei(k
′−k)(t+z)
+
(
b†(−k)b(−k′)− b(−k′)b†(−k)
)
e−i(k
′−k)(t+z)
+ (b(−k)b(−k′)− b(−k′)b(−k)) e−i(k′+k)(t+z)
+
(
−b†(−k)b†(−k′) + b†(−k′)b†(−k)
)
ei(k
′+k)(t+z)
]
|X |2. (72)
The Hamiltonian is given by spatial integration of the Hamiltonian density, or similarly from Eq. (72),
P tψ =
∫
dk
2π2k
[
−b(−k)b†(−k) + b†(−k)b(−k)
]
. (73)
Note, once again, that all the terms in the form b†b† or bb vanish as a consequence of the chiral nature of the spinor
fields which only allows k > 0. The average value of this Hamiltonian in the vacuum is not at all positive, but a
simple renormalization shift is sufficient to produce a reasonable Hamiltonian provided one uses fermionic creation
and annihilation operators with the corresponding definition for the normal ordered product (antisymmetric form).
The normal ordered Hamiltonian is therefore well behaved and reads
: P tψ : =
∫
dk
2π2k
[
b†(−k)b(−k) + b†(−k)b(−k)
]
. (74)
However, note that such a normal ordering prescription overlooks the differences between the vacuum energy of empty
space, and that in the presence of the string for the massless fermions. Formally, from Eq. (72), the normal ordered
Hamiltonian is also obtained by adding the operator
∫
d~xVψ to the infinite Hamiltonian in Eq. (73), with
Vψ =: T
tt
ψ : −T ttψ =
1
2
∫
dk dk′
(2π)22k
[{
b(−k), b†(−k′)} ei(k′−k)(t+z)
+
{
b(−k′), b†(−k)} e−i(k′−k)(t+z)] |X |2. (75)
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Owing to the anticommutation rules in Eq. (58), this expression reduces to
Vψ =
∫
dk
π
k |X |2. (76)
This infinite renormalizing term of the vacuum associated with the zero modes on the string comes from the contri-
bution of the infinite renormalization of the usual empty space together with a finite term representing the difference
between the two kinds of vacua. The previous expression (76) emphasizes the structure of the divergence, and it
can be conjectured that the finite part is simply obtained by a cut-off Λ in momentum values. The finite vacuum
contribution to the stress tensor can therefore be represented from Eq. (76), up to the sign, by the energy density
Λ2
2π
|X |2 = 2π
L2v
|X |2, with Lv = 2π
Λ
. (77)
The precise determination of the value of Lv is outside the scope of this simple model. It is well known however, that
the vacuum effects generally involve energies smaller than the first quantum energy level and consequently it seems
reasonable to consider that Lv > L. For a large loop, Lv can be roughly estimated using the discretization of the
momentum values. With kn = 2πn/L, Vψ therefore reads
Vψ =
4π
L2
|X |2
∞∑
n=0
n. (78)
Assuming that the vacuum associated with the fermionic zero modes on the string matches the Minkowski one
associated with massless fermionic modes, in the infinite string limit [31,32], Lv can be obtained by substracting the
two respective values of Vψ , once the transverse coordinates have been integrated over. The infinite sum over n can
be regularized by a cut-off factor e−εkn , letting ε equal to zero at the end of the calculation [33]. The regularized
expression of Vψ finally reads
Vψ =
4π
L2
|X2|
∞∑
n=0
ne−ε
2pi
L
n, (79)
and expanded asymptotically around ε = 0, it yields, once the transverse coordinates have been integrated,∫
r dr dθVψ ∼ 1
πε2
− π
3L2
. (80)
As a result, the infinite renormalizing term relevant with the usual vacuum associated with two dimensional chiral
waves is just 1/πε2 whereas the relevant vacuum associated with the zero modes along the string is exactly renormalized
by
∫
r dr dθVψ given in Eq. (80), and therefore involves the finite term π/3L
2 with a minus sign. As a result, the
string zero mode vacuum appears as an exited state in the Minkowski vacuum associated with two dimensional chiral
modes, with positive energy density π/3L2. In this case, the short distance cut-off therefore reads
L2v = 6L
2. (81)
It is therefore necessary to add the 2πL/L2v term to the canonical normal ordered prescription, in Eq. (74), in order to
obtained an Hamiltonian with zero energy for the Minkowski vacuum associated with two dimensional chiral modes.
It is important to note that, in order to be consistent, the previous calculations can only involve the vacuum
associated with the corresponding quantized modes, i.e. in this case the zero modes. Therefore this does not take
care of the massive modes. In fact, even for zero occupancy of the massive bound states, the physical vacuum along
the string must involve a similar dependence in the vacuum associated with the massive modes. The influence of the
two dimensional massive vacuum on the equation of state will be more discussed in section VB.
2. Stress tensor
All the other terms of the energy momentum tensor can be derived from equation (69). From the relationships
verified by the zero modes currents in Eq. (45), all the transverse kinetic terms vanish. Moreover, the only non-
vanishing components of the axial and vectorial currents (27) are jtψ and j
z
ψ. Finally, the energy momentum tensor
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reads
T µνψ =

T ttψ 0 T
tθ
ψ T
tz
ψ
0 0 0 0
T tθψ 0 0 T
zθ
ψ
T tzψ 0 T
zθ
ψ T
zz
ψ
 . (82)
Because the zero modes are eigenvectors of γ0γ3, the operators γ0∂0 and γ3∂3 are formally identical for each spinor
field, and therefore the diagonal terms of the stress tensor are identical
T zzψ = T
tt
ψ . (83)
From equation (69), we find the transverse terms to be T tθψ = −Bθjtψ, and T zθψ = −Bθjzψ . In a Cartesian basis, these
components yield the transverse terms T txψ , T
ty
ψ , T
zx
ψ , and T
zy
ψ , which vanish once the transverse degrees of freedom
have been integrated over. The only non-vanishing non-diagonal part of the stress tensor comes from the lightlike
nature of each fermion current and reads
T tzψ = −2iΨγ0∂tΨ, (84)
while the counterpart of the field X gets a minus sign because of its propagation in the “+z”-direction,
T tzχ = 2iXγ0∂tX . (85)
In the above expressions, the backreaction is neglected, but the fermionic current, jµ = jµψ + j
µ
χ , generates, from
Eq. (21), new gauge field components, Bt and Bz, which have to be small, compared to the orthoradial component,
Bθ, in order to avoid significant change in the vortex background. However, up to first order, they provide corrections
to the energy momentum tensor whose effects on energy per unit length and tension will be detailed, in the classical
limit, in section V. The backreaction correction to the two-dimensional stress tensor then reads
Tαβb.r. =
 −2Btjt + 12(∂rBt)2 + 12(∂rBz)2 Bzjt −Btjz − (∂rBt)(∂rBz)
Bzj
t −Btjz − (∂rBt)(∂rBz) 2Bzjz + 1
2
(∂rBt)
2 +
1
2
(∂rBz)
2
 . (86)
C. Axial and vectorial currents
From the expression of the spinor fields, the current operators are immediately found in the Fock space. Moreover, it
is interesting to compute the electromagnetic-like fermionic current, its scalar analogue being involved in the equation
of state for a cosmic string with bosonic current carriers [14]. From an additional global U(1) invariance of the
Lagrangian, the electromagnetic-like current takes similar form as the vectorial one coupled to the string gauge field.
It physically represents the neutral limit of the full electromagnetic coupling.
1. Vectorial currents
Let Jµ be the electromagnetic current in the neutral limit. From Noether theorem with global U(1) invariance,
this is
Jµ = Jµψ + J
µ
χ = −ΨγµΨ+ XγµX , (87)
The fermions Ψ and X carry opposite electromagnetic-like charges in order to cancel anomalies [2]. Using equation
(50), their components read
: J tψ : = − : Jzψ : = : Jψ : |X |2,
: J tχ : = : J
z
χ : = − : Jχ : |Y |2, (88)
with the quantum operators defined as
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: Jψ : =
∫
dk dk′
(2π)22k2k′
[
−b†(−k′)b(−k)ei(k′−k)(t+z) + b†(−k)b(−k′)e−i(k′−k)(t+z)+
+ b(−k)b(−k′)e−i(k+k′)(t+z) + b†(−k)b†(−k′)ei(k+k′)(t+z)
]
|X |2, (89)
: Jχ : =
∫
dk dk′
(2π)22k2k′
[
−d†(k′)d(k)ei(k′−k)(t−z) + d†(k)d(k′)e−i(k′−k)(t−z)+
+ d(k)d(k′)e−i(k+k
′)(t−z) + d†(−k)d†(k′)ei(k+k′)(t−z)
]
|Y |2. (90)
The conserved charges carried by these currents are basically derived from spatial integration of the corresponding
current densities, and are
: Qψ : =
∫
dk
2π(2k)2
[
−b†(−k)b(−k) + b†(−k)b(−k)
]
, (91)
: Qχ : = −
∫
dk
2π(2k)2
[
−d†(k)d(k) + d†(k)d(k)
]
. (92)
As expected at the quantum level, the anti-particles carry charges that are opposite to that of the particles for both
fields. This is again because the opposite chirality of the fields makes the bb and b†b† terms vanishing. The vectorial
gauge currents are easily obtained from the neutral limit ones replacing the electromagnetic charge by the U(1) gauge
one, namely
: jtψV : = : −jzψV : = q
cψR + cψL
2
: Jψ : |X |2,
: jtχV : = : j
z
χV
: = q
cχR + cχL
2
: Jχ : |Y |2.
(93)
2. Axial currents
In the same way, the axial currents are derived from their classical expressions as function of the quantum fields,
from Eq. (45),
: jtψA : = − : jzψA : = q
cψR − cψL
2
: Jψ :
(|ξ2|2 − |ξ3|2) ,
: jtχA : = : j
z
χA
: = q
cχR − cχL
2
: Jχ :
(|ξ1|2 − |ξ4|2) . (94)
Thanks to the normalizable zero modes in the transverse plane of the string, it is possible to construct a Fock space
along the string. The chirality of each spinor field being well defined, anti-particle states appear at quantum level as
another mode propagating at the speed of light in the same direction than the particle mode, but carrying opposite
gauge and electromagnetic-like charges. The observable values of the quantum operators previously defined are given
by their average value in the corresponding Fock state. In particular, the energy per unit length, the tension, and the
current per unit length, can now be derived from the previous expressions.
V. EQUATION OF STATE
In the case of a scalar condensate in a cosmic string, it was shown by Peter [14] that the classical formalism of
Carter [19] with one single state parameter could apply and an equation of state for the bosonic cosmic string could
be derived in the form
U − T =
√
|w|C, (95)
where U and T are respectively the energy per unit length and the tension of the string, C is the current density along
the string and w a state parameter which appear as the conjugate parameter of C by a Legendre transformation.
An analogous relation can be sought for our string with fermionic current-carriers from the classical energy per unit
length, tension, and current density values.
Consider the fermionic cosmic string in the quantum state (64). The energy per unit length and tension in this
state are basically given by the eigenvalues associated with timelike and spacelike eigenvectors, respectively, of the
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average value in |P〉 of the energy momentum tensor, once the transverse coordinates have been integrated over. The
stress tensor is obviously the total energy momentum tensor
T µν = T µνg + T
µν
h + : T
µν
ψ : + : T
µν
χ :, (96)
where T µνg and T
µν
h are the gauge and Higgs contributions which describe the Goto-Nambu string and which integrated
over the transverse plane provides only two opposite non-vanishing terms∫
r dr dθ
(
T ttg + T
tt
h
)
= −
∫
r dr dθ
(
T zzg + T
zz
h
) ≡M2, (97)
thus defining the unit of mass M .
A. Average values in the Fock state |P〉
1. Two-dimensional energy momentum tensor
Now, let us define the energy momentum tensor operator in two dimensions, T
αβ
say, once the transverse coordinates
have been integrated over, and where we have suppressed the corresponding vanishing terms. Therefore, with α and
β equal to t or z, and neglecting for the moment the backreaction, it reads
T
αβ
=
 M2 + ∫ r dr dθ (: T ttψ : + : T ttχ :) ∫ r dr dθ (: T tzψ : + : T tzχ :)∫
r dr dθ
(
: T tzψ : + : T
tz
χ :
)
−M2 + ∫ r dr dθ (: T ttψ : + : T ttχ :)
 . (98)
The average value in the Fock state |P〉 of Tαβ , is immediately obtained from equations (66) and (72)
〈Tαβ〉P = 〈P|T
αβ |P〉
〈P|P〉 =
(
M2 + EχP + EψP EχP − EψP
EχP − EψP −M2 + EχP + EψP
)
, (99)
with the notations
EχP =
∫
r dr dθ〈: T ttχ :〉P =
2
L
Nψ∑
i=1
ki +
Nψ∑
j=1
lj

P
, (100)
EψP =
∫
r dr dθ〈: T ttψ :〉P =
2
L
Nχ∑
p=1
rp +
Nχ∑
q=1
sq

P
. (101)
The summations are just over the momentum values taken in each particle and anti-particle exitation states, so that
EχP and EψP depend on the quantum state |P〉. The 2πδ(0) factor has been replaced by the physical length L in
order to deal only with finite quantities. Moreover, from the integral expression of the normal ordering prescription
in Eq. (77), the quantum zero mode vacuum effects appear simply as a shift of the previous expressions, and the
corrected values of the parameters EψP and EχP therefore read
EψPv = EψP +
2π
L2v
, and EχPv = EχP +
2π
L2v
. (102)
Note that, from equations (100), (101) and (102), if Lv > L, the vacuum contribution can be neglected for non-zero
exitation states.
2. Current densities
In the same way, the average value of current operators in the Fock state |P〉 are basically derived from the average
of the operators : Jψ : and : Jχ :
〈: Jψ :〉P = −Nψ +Nψ, 〈: Jχ :〉P = −Nχ +Nχ. (103)
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Therefore, the electromagnetic-like current per unit length in the neutral limit becomes, after transverse integration,
〈J t〉P = 1
L
[(−Nψ +Nψ)+ (Nχ −Nχ)] , (104)
〈Jz〉P = 1
L
[(
Nψ −Nψ
)
+
(
Nχ −Nχ
)]
. (105)
Averaging the vectorial and axial gauge currents in equations (93) and (94) allows a derivation of the total fermionic
gauge current density
〈jt〉P = 1
L
[
fψ(r)
(−Nψ +Nψ)+ fχ(r) (−Nχ +Nχ)] , (106)
〈jz〉P = 1
L
[
fψ(r)
(
Nψ −Nψ
)
+ fχ(r)
(−Nχ +Nχ)] , (107)
with the radial functions
fχ(r) = qcχR |ξ1|2 + qcχL |ξ4|2, (108)
fψ(r) = qcψR |ξ2|2 + qcψL |ξ3|2. (109)
Moreover, note that these currents can be lightlike, spacelike or timelike according to the number of each particle
species trapped in the string. For instance, the square magnitude of the electromagnetic-like line density current reads
C2P = 〈J
t〉2P − 〈J
z〉2P =
(
2
L
)2 (
NψNχ +NψNχ −NψNχ −NχNψ
)
. (110)
As expected, if there is only one kind of fermion, Ψ or X , which respectively means Nχ = Nχ = 0 or Nψ = Nψ = 0,
the current is lightlike. However spacelike currents are also allowed from the existence of anti-particles as they result
from simultaneous exitations between particles of one kind and anti-particles of the other kind (as for instance Nψ 6= 0
and Nχ 6= 0, or Nχ 6= 0 and Nψ 6= 0). Finally, timelike currents are obtained from simultaneous exitation between
particles or anti-particles of both kind (Nχ 6= 0 and Nψ 6= 0, or Nχ 6= 0 and Nψ 6= 0).
B. Energy per unit length and tension
In the case of a string having a finite length L, periodic boundary conditions on spinor fields impose the discretization
of the momentum exitation values
ki =
2π
L
nψi , lj =
2π
L
nψj , rp =
2π
L
nχp , sq =
2π
L
nχq , (111)
where nψi , nψj , nχp and nχq are positive integers given by the particular choice of a Fock state. From Eq. (100) and
Eq. (101), the parameters EχP and EψP therefore read
EχP =
4π
L2
Nχ∑
p=1
nχp +
Nχ∑
q=1
nχq
 , and EψP = 4πL2
Nψ∑
i=1
nψi +
Nψ∑
j=1
nψj
 . (112)
In the preferred frame where the two-dimensional energy momentum tensor is diagonal, the energy per unit length
and the tension appear as the eigenvalues associated with the timelike and spacelike eigenvectors, respectively. By
means of equation (99), they read
UP =M
2 + 2
√
EχPEψP , (113)
TP =M
2 − 2√EχPEψP . (114)
Note, first that the line energy density and the tension always verify [22]
U + T = 2M2. (115)
Moreover the zero mode vacuum effects just modify the parameters EχP and EψP as in Eq. (102), and therefore
do not modify this relationship. On the other hand, massive modes, because they are not eigenstates of the γ0γ3
operator, yield vacuum effects which certainly do not modify the time and space part of the stress tensor in the same
way, as was the case for the zero modes [see Eq. (83)]. As a result, it is reasonable to assume that the massive mode
vacuum effects modify the equation (115) by just shifting the right hand side by a finite amount, of the order 1/L2.
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1. Classical limit for excited strings
In order to derive classical values for the energy per unit length and tension, we do not want to specify in what
exitation quantum states the system is. If the string is in thermal equilibrium with the external medium, it is
necessary to perform quantum statistics. The number of accessible states in the string is precisely the total number of
combinations between the integer nψi , nψj , nχp , and nχq , which satisfies equations (100) and (101) for fixed values of
the stress tensor, or, similarly, at given Eχ and Eψ. A possible representation of such equilibrium is naturally through
the microcanonical entropy
S = kb lnΩ, (116)
with Ω the number of accessible states and kb the Boltzmann constant. Let Q(p,N) be the well known partition
function Q which gives the number of partitions of the integer p into exactly N distinct non-zero integers. With the
following integers
Kχ =
L2
4π
Eχ, and Kψ =
L2
4π
Eψ, (117)
the number of accessible states Ω reads
Ω =
Kχ−
Nχ(Nχ+1)
2∑
nχ=
Nχ(Nχ+1)
2
Q(nχ, Nχ)
Kχ−nχ∑
nχ=
Nχ(Nχ+1)
2
Q(nχ, Nχ)
×
Kψ−
Nψ(Nψ+1)
2∑
nψ=
Nψ(Nψ+1)
2
Q(nψ, Nψ)
Kψ−nψ∑
nψ=
Nψ(Nψ+1)
2
Q(nψ, Nψ). (118)
The energy per unit length and tension of the string will therefore be the values of U and T which maximize the
entropy at givenNψ, Nψ, Nχ and Nχ. This formalism might be useful whenever one wants to investigate the dynamics
of the string when the massless current forms, i.e., near the phase transition at high temperatures. In what follows,
we shall assume that whatever the mechanism through which the fermions got trapped in the string, they had enough
time to reach an equilibrium state with vanishing temperature. This can be due for instance by a small effective
coupling with the electromagnetic field opening the possibility of radiative decay [22]. If no such effect is present,
then one might argue that the string is frozen in an exited state, the temperature of which possibly playing the role
of a state parameter [19] for a macroscopic description [36].
Note that for a given distribution such as those we will be considering later, the occupation numbers at zero
temperature must be such that, owing to Pauli exclusion principle, the interaction terms implying for instance a ΨΨ¯
decay into a pair XX¯ through Higgs of Bµ exchange are forbidden (vanishing cross-section due to lack of phase space).
In practice, this means that the following analysis is meaningful at least up to one loop order.
2. String at zero temperature
For weak coupling between fermions trapped in the string and external fields, as is to be expected far below the
energy scale where the string was formed, the set of particles is assumed to fall in the ground state and because of
anticommutation rules (60) it obeys Fermi-Dirac statistic at zero temperature. Consequently, the parameters EχP
and EψP reads
Eψ =
2π
L
[
ρψ(Lρψ + 1) + ρψ(Lρψ + 1)
]
, and Eχ =
2π
L
[
ρχ(Lρχ + 1) + ρχ(Lρχ + 1)
]
, (119)
where the new parameters ρ = N/L are the line number densities of the corresponding particles and anti-particles
trapped in the string. Strictly speaking, these are the four independent state parameters which fully determine the
energy per unit length and the tension in Eq. (113) and Eq. (114), and so cosmic strings with fermionic current-carriers
do not verify the same equation of state as the bosonic current-carrier case. This is all the more so manifest with
another more intuitive set of state parameters, R and Θ, defined for each fermion by
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R2 =
(
ρ+
1
2L
)2
+
(
ρ+
1
2L
)2
, and Θ = arctan
(
ρ+ 12L
ρ+ 12L
)
. (120)
These are simply polar coordinates in the two-dimensional space defined by the particle and anti-particle densities
of each spinor field. The parameter R physically represents the fermion density trapped in the string regardless of
the particle or anti-particle nature of the current carriers. It is therefore the parameter that we would expect to
be relevant in a purely classical approach. On the other hand, Θ quantifies the asymmetry between particles and
anti-particles since
ρ = R cosΘ− 1
2L
, and ρ = R sinΘ− 1
2L
. (121)
The energy per unit length, tension and line density current now read
U =M2 + 4π
√(
R2χ −
1
2L2
)(
R2ψ −
1
2L2
)
, (122)
T =M2 − 4π
√(
R2χ −
1
2L2
)(
R2ψ −
1
2L2
)
, (123)
C2 = 8RχRψ sin
(
Θχ − π
4
)
sin
(
Θψ − π
4
)
. (124)
There are always four independent state parameters but only two, Rχ and Rψ , are relevant for line density energy
and tension. Compared to the scalar case where only one kind of charge carrier propagates along the string, it is not
surprising that we found two degrees of freedom with two kinds of charge carriers. On the other hand, the nature of
the line density current is not relevant because it only appears through Θψ and Θχ, which not modify U and T , at
least at the zeroth order. The energy per unit length and tension relative to M2 are represented in Fig. 1 and Fig. 2
as function of Rχ/M and Rψ/M , in the infinite string limit.
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FIG. 1. The energy per unit length, in unit of M2 and at zeroth order, as function of X and Ψ fermion densities plotted in
unit of M , in the infinite string limit.
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FIG. 2. The tension, in unit of M2 and at zeroth order, as function of X and Ψ fermion densities plotted in unit of M , in
the infinite string limit.
As expected from their analytical expressions in the infinite string limit, the energy per unit length is always positive
and grows with both fermion densities, Rχ and Rψ, whereas the tension always decreases and takes negatives values
for large fermion densities. Obviously, in the case Rχ = Rψ = 0 there is no current along the string and we recover
the Goto-Nambu case, U = T =M2. The chiral case, where the fermionic current is lightlike, is obtained for Rχ = 0,
or Rψ = 0, and also verifies U = T =M2 as in the chiral scalar current case [28]. From Eq. (123), and in the infinite
string limit, the densities for which the tension vanishes verify
RχRψ = M
2
4π
, (125)
This curve separates the plane (Rχ,Rψ) in two regions where T is positive near the origin, and negative on the other
side (see Fig. 3). In the macroscopic formalism of Carter [19], the transverse perturbations propagation speed is given
by c2T = T/U , and therefore the domains where T < 0 correspond to strings which are always locally unstable with
respect to transverse perturbations.
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FIG. 3. Sign of the tension in the (Rχ/M,Rψ/M) plane, in the infinite string limit. According to the macroscopic formalism,
the string is unstable with respect to transverse perturbations for T < 0.
The tension of the string becomes negative only for carrier densities close to the mass of the Goto-Nambu string
M . For such currents, it is necessary to derive the backreaction in order to see how relevant it is for the energy per
unit length and tension. Moreover, in a renormalizable model, the vacuum mass acquired by the fermions from their
coupling to the Higgs field is less than the Goto-Nambu string mass, and thus, another quantum effects may take
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place before the negative tension is reached, like tunneling into massive states. Besides, note that M , the string unit
of mass, arising from non-perturbative effects, may well be much larger than the Higgs mass, and so, it is expected
that Rχ,Rψ ≪ M . Thus, the no-spring conjecture [18] proposed in the case of bosonic carrier presumably apply to
the fermionic carrier case as well. Moreover, the zero mode vacuum effects on energy per unit length and tension
appear clearly from Eq. (102) as additional string length. The corrected values of the equation of state are therefore
obtained by replacing the physical length of the string, L, in Eq. (122) and Eq. (123), by an equivalent length, Le
say, which verifies
1
2L2e
=
1
2L2
− 1
L2v
. (126)
In the particular case where L2v = 6L
2, it reads L2e = (3/2)L
2. On the other hand, the massive vacuum effects
certainly shift in a different way U and T by a finite amount as previously discussed, but will not be considered in
the following. In the next section, the backreaction is derived in the classical limit in order to find corrected values
of energy per unit length and tension. Moreover we shall take care of the finite length of the string L, keeping in
mind that its value, and consequently the value of Le, have to be larger than 1/M since all physical values have been
derived in the classical vortex background, i.e., the quantum effects of the Higgs field have been neglected.
C. Backreaction
The existence of fermionic currents carrying gauge charge along the string gives rise to new gauge field components,
Bt and Bz, from the equations of motion (21). These, being coupled with the corresponding currents, provide
additional terms in the energy momentum tensor (86). As a first step, the new gauge field components are computed
numerically from the zero modes solutions of Eq. (32). The corrected equation of state is then analytically derived,
the numerical dependencies having been isolated in model dependent coefficients.
1. Backreacted gauge fields
In order to compute the Bt and Bz fields at first order, we only need the zeroth order values of the zero modes and
the vortex background. Let us introduce the dimensionless scaled fields and variables
ϕ = ηH, Qθ = Q and r =
̺
mh
, (127)
with mh = η
√
λ the classical mass of the Higgs field. From the equation of motion (16), the orthoradial gauge field
Q and H are solution of
d2H
d̺2
+
1
̺
dH
d̺
=
HQ2
̺2
+
1
2
H(H2 − 1), (128)
d2Q
d̺2
− 1
̺
dQ
d̺
=
m2b
m2h
H2Q, (129)
where mb = qcφη is the classical mass of the gauge boson. The numerical solutions of these equations have been
computed earlier by many people [13,14] using relaxation methods [29]. They are presented in Fig. 4 for a specific
(assumed generic) set of parameters.
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FIG. 4. The solutions of the field equations for the vortex background. The Higgs field, H , takes its vacuum expectation
value at infinity and the gauge bosons condensate in the vortex.
In the same way, deriving Eq. (32) with respect to ̺ yields the right component of the zero mode Y as a solution of
ζ′′1 −
(
H ′
H
+
Q− n
̺
)
ζ′1 +
(
cχR
cφ
[
Q− n
̺
H ′
H
+
Q− n
̺2
− Q
′
̺
]
− cχLcχR
c2φ
(
Q− n
̺
)2
− m
2
f
m2h
H2
)
ζ1 = 0, (130)
while the left one satisfies
i
mf
mh
Hζ4 = ζ
′
1 −
cχR
cφ
Q− n
̺
ζ1, (131)
where a prime indicates a derivation with respect to the dimensionless radial variable ̺. The field Ψ verifies similar
equations with the transformation, ζ → ξ and cχ → cψ. The numerical integration has been performed with a
relaxation method [29] and verified on the original system (32) with a shooting method. As a result, the normalized
probability densities of the zero modes, |X |2 and |Y |2, are plotted in Fig. 5. The dimensionless radial functions f˜χ
and f˜ψ defined from Eq. (108) and Eq. (109) by
f˜χ =
2π
m2h
fχ, and f˜ψ =
2π
m2h
fψ, (132)
are plotted in Fig. 6. As expected, the fields are confined in the string core, and so will the corresponding fermionic
currents.
Let us define the more relevant components of the backreacted gauge field, ∆B = Bz−Bt and ΣB = Bz+Bt, with
the corresponding dimensionless scaled fields ∆Q˜ and ΣQ˜ defined by
∆B =
(
ρχ − ρχ
) m2b
πη2
∆Q˜
qcφ
, and ΣB = − (ρψ − ρψ) m2bπη2 ΣQ˜qcφ . (133)
The equations of motion (21) in the classical limit now reads
∆Q˜′′ +
1
ρ
∆Q˜′ − m
2
b
m2h
H2∆Q˜ =
f˜χ
qcφ
, and ΣQ˜′′ +
1
ρ
ΣQ˜′ − m
2
b
m2h
H2ΣQ˜ =
f˜ψ
qcφ
. (134)
As for fermions, these new gauge fields get their masses from coupling with the Higgs field, and therefore have non-
zero mass outside the string core. Moreover, they are generated by fermionic massless currents confined in the core,
therefore they also condense in and do not lead to new long-range effects. The solutions of these equations (134)
have been obtained using, once again, a relaxation method [29] and are represented in Fig. 7. Note that owing to
the scaled field ∆Q˜ and ΣQ˜, we have separated the numerical dependence in the gauge field and currents from the
fermion densities content [see Eq. (133)].
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FIG. 5. The normalized probability densities of the zero modes, |X|2 and |Y |2. The rapid decay far from the string core
reflects the bound state nature of the condensates.
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FIG. 6. The dimensionless radial current functions f˜χ and f˜ψ. They can be viewed as the effective transverse density charge
carried by the fermion currents. Their sign results in the initial choice of each conserved fermion gauge charge.
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FIG. 7. The dimensionless backreacted gauge fields ∆Q˜ and ΣQ˜, generated by the fermion currents. They do not lead to
new long-range effects since they acquire non-zero mass outside the string core due to their coupling with the Higgs fields.
22
Up to now, we have computed the fermionic gauge currents along the string as well as the component Bt and Bz,
so that the backreaction correction to the energy momentum tensor is computable from Eq. (86). As in the previous
section, the energy per unit length and tension can be derived in the preferred frame where the stress tensor is
diagonal, but now we have to find the eigenvalues of the full two-dimensional energy momentum tensor T
αβ
b.r.+ 〈T
αβ〉,
with
T
αβ
b.r. =
∫
r dr dθ Tαβb.r. (135)
2. Energy per unit length and tension with backreaction
Using the dimensionless field, ∆Q˜ and ΣQ˜, with the expressions of the currents given in equations (106) and (107),
one gets, after some algebra, the full expression of the stress tensor with corresponding eigenvalues
Û =M2 − I(Θχ,Θψ)R̂χR̂ψ + 4π
√(
R̂2χ −
1
2L2e
)(
R̂2ψ −
1
2L2e
)
, (136)
T̂ =M2 − I(Θχ,Θψ)R̂χR̂ψ − 4π
√(
R̂2χ −
1
2L2e
)(
R̂2ψ −
1
2L2e
)
, (137)
with the scaled state parameters
R̂χ = Rχ
√
1− m
2
b
2π2η2
(I∆χ − I∆2) sin2
(
Θχ − π
4
)
, (138)
R̂ψ = Rψ
√
1− m
2
b
2π2η2
(IΣψ − IΣ2) sin2
(
Θψ − π
4
)
, (139)
and the function I(Θχ,Θψ) defined by
I(Θχ,Θψ) =
m2b
πη2
(IΣχ + I∆ψ) sin
(
Θχ − π4
)
sin
(
Θψ − π4
)√
1− m2b2π2η2 (I∆χ − I∆2) sin2
(
Θχ − π4
)√
1− m2b2π2η2 (IΣψ − IΣ2) sin2
(
Θψ − π4
) . (140)
The numerical integrations previously carried out appear through pure numbers which depend only on the model
parameters. The coupling Bµj
µ leads to the following quantities
IΣχ = −2
∫
̺ d̺ΣQ˜(̺)
f˜χ(̺)
qcφ
, I∆ψ = −2
∫
̺ d̺∆Q˜(̺)
f˜ψ(̺)
qcφ
, (141)
IΣψ = −2
∫
̺ d̺ΣQ˜(̺)
f˜ψ(̺)
qcφ
, I∆χ = −2
∫
̺ d̺∆Q˜(̺)
f˜χ(̺)
qcφ
, (142)
while the kinetic contribution of the new gauge fields appears through
I∆2 =
∫
̺ d̺
(
∂̺∆Q˜(̺)
)2
, IΣ2 =
∫
̺ d̺
(
∂̺ΣQ˜(̺)
)2
. (143)
By means of the equations of motion (134) and the constant sign of ∆Q˜ and ΣQ˜, I∆χ and IΣψ are found to be always
positive. Intuitively, as in electromagnetism, the gauge field generated from charge currents tends to resist to the
currents which give birth to it. In our case, the backreaction actually damps the weight of the charge carriers in the
energy per unit length and tension. In fact, the relevant state parameters are now R̂ instead of R with R̂ < R since
I∆χ and IΣψ are positive. Moreover, numerical calculations show that the kinetic contribution numbers (143) are
always one order of magnitude smaller than those resulting in the coupling between gauge fields and currents (141),
as expected for reasonable backreacted gauge field since they only involve the square gradient of these fields [see
Eq. (143)]. However, there is an additional term involving new dependence in the asymmetry between particles and
anti-particles through the I(Θχ,Θψ) function. In order to understand this point physically, let us derive the magnitude
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of the gauge current carried by the fermions. From Eq. (106) and Eq .(107), once the transverse coordinates have
been integrated over, the dimensionless magnitude reads
j˜
2
= 2(2qcφ)
2 F˜χF˜ψ sin
(
Θχ − π4
)
sin
(
Θψ − π4
)R̂χR̂ψ√
1− m2b2π2η2 (I∆χ − I∆2) sin2
(
Θχ − π4
)√
1− m2b2π2η2 (IΣψ − IΣ2) sin2
(
Θψ − π4
) , (144)
with the dimensionless constants are
F˜χ =
∫
̺ d̺
f˜χ(̺)
qcφ
, and F˜ψ =
∫
̺ d̺
f˜ψ(̺)
qcφ
. (145)
These numbers can be viewed as the effective charge carried by the fermionic gauge currents since
j˜
2
(2qcφ)2F˜χF˜ψ
=
C2
4
. (146)
The function I(Θχ,Θψ) therefore verifies
I(Θχ,Θψ)R̂χR̂ψ = IΣχ + I∆ψ
8πF˜χF˜ψ
j˜
2
, (147)
and, as before, according to Eq. (134), (IΣχ + I∆ψ)/(F˜χF˜ψ) is always positive, so the sign of I directly reflects the
spacelike or timelike nature of the current. Thus, in addition to the backreaction damping effect, there is a correction
to the energy per unit length and tension directly proportional to the magnitude of the fermionic current. Note that
this effect appears as a correction due to backreaction and not, as it is the case for cosmic string with bosonic current
carriers, at the zeroth order [14].
3. Equation of state with backreaction
Unfortunately, the corrected expressions of the line density energy and tension involve four independent state
parameters, and consequently are not easily representable. However, they can be studied as functions of the damped
fermion densities R̂, modified only by the function I(Θχ,Θψ) which quantifies the efficiency of the fermionic currents
in generating backreacted gauge fields. In this way, the comparison with the zeroth order case is all the more so easy.
The study of the surfaces defined by Û and T̂ in the plane (R̂χ, R̂ψ) is less canonical than at zeroth order. Three
critical values of the function I are found to modify the behaviors of the tension and energy per unit length, namely,
−4π, 0, and 4π. However, only small values of I are reasonable in this model as it is discussed in the next section.
This analysis is consequently constraints to values of |I| < 4π.
a. Energy per unit length. The line density energy follows different behaviors according to the value of I.
The first and simplest case I < 0, obtained for spacelike fermionic gauge currents, is very similar to the zeroth
order case, and the energy per unit length just grows a bit faster with the damped fermion densities R̂χ and R̂ψ , as
on Fig. 8.
For timelike currents, I > 0, we find that the backreaction damps the growth of the density line energy with the
fermion densities. As a result the line density energy seems to decrease in some regions, and the stationary curves of
Û with respect to R̂χ are given, from Eq. (136), by
∂Û
∂R̂χ
= 0⇔ R̂ψ = 2π
Le
R̂χ
√
2
I2
2L2e
+ (16π2 − I2)R̂2χ
, (148)
and thanks to the symmetry between R̂χ and R̂ψ , similar equations are obtained for ∂Û/∂R̂ψ = 0. Finally, the
variation domains of the line density energy are represented in Fig. 9 for 0 < I < 4π. The first discrete values of
the fermion densities (the length of the string is finite) have been represented by dots in the (R̂χ,R̂ψ)-plane, and
as can be seen in Fig. 9, for reasonable values of I, there is no available quantum state inside the tiny decreasing
regions. Consequently, the density line energy always grows with the fermions densities and remains positive. Since
the stationary curves of Û are asymptotically proportional to 1/Le < 1/L [see Eq. (148)], they coincide with the axis
in the infinite string limit. The surface describing Û(R̂χ, R̂ψ) has also been plotted in Fig. 9 in unit normalized to
M2, and for minimal acceptable value of Le = 10/M just in order to show the influence of the finite length.
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FIG. 8. The energy per unit length in unit ofM2 as function of R̂χ/M and R̂ψ/M , for spacelike currents with I(Θχ,Θψ) < 0.
The influence of the finite length of the string just appears near the axes.
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FIG. 9. Variation domains of the energy per unit length, plotted in unit of M2, in the (R̂χ/M, R̂ψ/M) plane for timelike
currents with 0 < I < 4pi. The vertical hatched regions define domains where the line density energy could decrease with R̂χ
whereas the horizontal ones are regions where the line density energy could decrease with R̂ψ. On one hand, these domains
are asymptotically limited by the curves R̂ = (2pi/Le)
√
2/(16pi2 − I2) and therefore coincide with the axis for large values of
Le. On the other hand, for reasonable values of I ≪ 4pi, there is no accessible quantum state inside, the first one being shown
as a dot. As a result the energy per unit length always grows with the parameters R̂ and is always positive.
b. Tension. The study of the tension with respect to the fermion densities is performed in the same way. As
before the stationary curves of T̂ with respect to R̂χ or R̂ψ are found from Eq. (137), and follow the same equation
as those of the energy per unit length in Eq. (148), although the variation domains are not the same and have been
plotted in Fig. 11 for different values of the function I.
For timelike fermionic gauge current, I > 0, the tension decreases faster than in the zeroth order case, with the
damped fermionic densities R̂χ and R̂ψ as on Fig. 10, and reaches negative values at large densities (see Fig. 12).
The backreaction just increases the slope of the surface, and thus, the negative values are reached more rapidly. As
for the energy per unit length, the equivalent length was chosen equal to Le = 10/M in the following figures.
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FIG. 10. The tension for timelike currents with I > 0, plotted in unit of M2 in the (R̂χ/M, R̂ψ/M) plane. Note the shift
near the axes due to the finite length of the string.
For spacelike fermionic gauge currents, −4π < I < 0, the backreaction damps the decrease of the tension with
respect to the damped fermion densities. There are also tiny regions near the axis, with areas inversely proportional
to Le, and where T̂ could grow with respect to one of the state parameters R̂χ or R̂ψ (see Fig. 11). As previously,
for reasonable values of I, the first discrete values of the parameters are out of these domains, and the tension always
decreases with both fermion densities. Finally, the tension reaches negative values at large damped fermion densities
(see Fig. 12).
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FIG. 11. Variation domains of the tension, plotted in unit of M2, for spacelike currents with −4pi < I < 0, in the
(R̂χ/M, R̂ψ/M) plane. These regions have the same geometrical properties as the line density energy ones in Fig. 9, but
this time, the zones with vertical hatches are domains where T̂ could grow with respect to R̂χ, whereas the horizontal ones
correspond to growth with respect to R̂ψ. For reasonable values of I , the discrete values of R̂, represented by dots, are out of
these regions, and the tension always decrease with both fermion densities.
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FIG. 12. Sign of the tension for timelike currents with I > 0, and spacelike currents with −4pi < I < 0, the curves have been
plotted with Le = 10/M in aim at clearly separating the various regions. In the timelike case, the domain where the tension
is positive is closed, the null tension curves intersecting the axes at R̂ = √2LeM2/I , whereas for spacelike currents, the null
tension curves tends asymptotically to R̂ = (2pi/Le)
√
2/(16pi2 − I2). Recall that the regions where T < 0 are unstable with
respect to transverse string perturbations according to the macroscopic formalism.
4. Relevant values of the parameters
The previous derivation of the backreaction is built on the classical vortex background and it is acceptable only if
the backreacted gauge fields do not perturb appreciably the Higgs and orthoradial gauge fields profiles (see Fig. 4).
From Eq. (16), it will be the case only if QtQt and Q
zQz can be neglected compared to Q
θQθ. From Eq. (133), and
QθQ
θ ∼ m2b , this condition reads
(qcφ)
2∆BΣB
QθQθ
∼ RχRψ sin
(
Θχ − π4
)
sin
(
Θψ − π4
)
πη2
m2b
πη2
∆Q˜ΣQ˜≪ 1, (149)
or as function of I(Θψ,Θχ) and the damped fermion densities,
I(Θχ,Θψ)
R̂χR̂ψ
πη2
≪ 1. (150)
This condition is satisfied for damped fermion densities small compared to the string energy scale, or for tiny values of
the function I(Θψ,Θχ). Moreover, the backreacted gauge fields need to be small in order to no perturb significantly
the zero modes. From the equations of motion (22) and (24), this condition leads to ∆B,ΣB ≪R and from Eq. (133)
to
m2b
η2
cψ(χ)
cφ
Σ(∆)Q˜(0)≪ 1. (151)
On the other hand, the maximum value of I in Eq. (140) is clearly obtained when there are only particles or anti-
particles trapped in the string (Θ = 0 or Θ = π), and deriving the order of magnitude of the numerical integral
in Eq. (141), using equations (134) and (108)-(109), one shows that the large values of I (as I > 4π) can only be
obtained for model parameters which verify
m2b
η2
cψ(χ)
cφ
Σ(∆)Q˜(0) > 1. (152)
As a result, in order for the backreacted gauge fields not to modify the equations of motion of the fermions at first
order, the function I has to be much smaller than 4π. If it is not the case, then the previous zero modes are no longer
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valid solutions and the relevant equations of motion, in the case of the Ψ fermions, now read, from Eq. (22)
(
dξ1
dr
+
1
r
[−qcψRB(r) +m1] ξ1(r)
)
− igϕ(r)ξ4(r) = i[∓(k + ω)− qcψR∆B]ξ2(r),(
dξ2
dr
+
1
r
[qcψRB(r) −m2] ξ2(r)
)
− igϕ(r)ξ3(r) = i[±(k − ω)− qcψRΣB]ξ1(r),(
dξ3
dr
+
1
r
[−qcψLB(r) +m3] ξ3(r)
)
+ igϕ(r)ξ2(r) = i[∓(k − ω)− qcψLΣB]ξ4(r),(
dξ4
dr
+
1
r
[qcψLB(r) −m4] ξ4(r)
)
+ igϕ(r)ξ1(r) = i[±(k + ω)− qcψL∆B]ξ3(r),
(153)
where the angular dependence has not been written owing to Eq. (31) and assuming m1 = m3 + n. The zero modes
seem to acquire an effective mass proportional to ∆B or ΣB. More precisely, they are no longer eigenstates of the
γ0γ3 operator since new spinor components appear [ξ1, ξ4 here, see Eq. (32) and Eq. (33)]. It is clearly a second
order effect since the gauge coupling constant q can be removed in the previous equations (153) using Eq. (133) and
assuming
ξ = X + q2δξ, (154)
with X the zero mode solution k = −ω for Ψ fermions [see Eq. (42)], and q2δξ the perturbation induced by the
backreaction [35]. As a result, for strong backreaction, the semi-classical approach can no longer be used, since such
second order effects appear as the semi-classical manifestations of the one loop quantum corrections, and thus, only a
full quantum theory would be well defined. However, if there is only one kind of fermion trapped in the string, Ψ say,
the zero modes are not affected by the backreaction since ∆B is only generated from the X current, and therefore
vanishes [see Eq. (134)], so ξ = X is always solution of the equations of motion (153), and identically for the X zero
modes alone [34]. Note, that there is no contradiction with the usual index theorem since it is derived for Dirac
operators, and thus without backreacted fields. This just shows that the modes propagating in the vortex with strong
backreacted gauge fields are no longer well described by the usual zero modes. Physically, it might be the signature
of a tunneling of the zero modes to another states. The massive modes which have not been considered here could be
more relevant in such cases.
On the other hand, the shape of the string might allow the fermion densities R̂χ and R̂ψ to reach the tiny regions
where the energy decreases with one of them (see Fig. 9), by means of the zero mode vacuum quantum effects. The
present toy model does not involve the effect of the radius of curvature R of the string, and it is reasonable that the
contribution of the zero mode vacuum to the energy per unit length involves R through a redefinition of Le. If Le
becomes smaller than L, the first discrete values of the fermion densities could be inside the hatched regions in Fig. 9,
since the discrete values of the fermion densities only depend on the physical length of the string L. Note that it
would therefore be necessary that the zero mode vacuum energy is negative, which is not the case without curvature
in the simple framework of section IVB1. Such effects could be relevant for vorton stability, as, for a small radius of
curvature, the string could become unstable to fermion condensation.
Finally, the model can be used only at the tree order, and the conditions (150) and (151) are the validity criteria
of the above derivations.
VI. COMPARISON WITH THE SCALAR CASE
Owing to the fermionic two-dimensional quantization along the string, the energy per unit length and the tension
of a string carrying massless fermionic currents have been derived up to the first order in backreaction corrections.
The state of the string is found to be well defined with four state parameters which are the densities of each fermion
trapped in the string, and asymmetry angles between particles and anti-particles in each fermion family. It seems quite
different than the bosonic charge carriers case, where the current magnitude is the only relevant state parameter [14],
however, this is the result of the allowed purely classical approach where the superposition of many quantum states
can be view as only one classical state owing to the bosonic nature of the charge carriers. As a result, there is a
degeneracy between the number of bosons trapped in the string and the charge current. The quantization introduced
to deal with fermions naturally leads to separate the charge current from the particle current through the existence of
anti-particle exitations. Moreover, the magnitude of the current can only modify the equation of state at non-zeroth
order because the chiral nature of fermions trapped in the string requires simultaneous exitations between the two
families to lead to non-lightlike charge currents.
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Nevertheless, some global comparisons can be made with the scalar case. First, for reasonable values of I ≪ 4π, the
energy per unit length grows with the fermionic densities, whereas the tension decreases with them. However, note
the relevant parameter for the change in behaviors of the tension and line density energy is the function I(Θχ,Θψ)
instead of the current magnitude in the scalar case. As it was said, I quantifies, through the asymmetry between
the number of particles and anti-particles trapped in the string, the efficiency of the charge current per particle to
be timelike or spacelike. The more positive is I, the more timelike the fermionic charge current per particle will be,
and conversely the more negative I is, the more spacelike it will be. Once again, this difference with the scalar case
appears as a result of the degeneracy breaking between particle current and charge current due to the fermionic nature
of the charge carriers.
The stability of the string with respect to transverse perturbations is given from the macroscopic formalism by the
sign of the tension (for line density energy positive) [19], and we find that instabilities always occur for densities roughly
close to M/
√
4π + I, in finite domain for timelike current, in infinite one for spacelike currents with −4π < I < 0.
Another new results are obtained from the multi-dimensional properties of the equation of state, in particular the
problem of stability with respect to longitudinal perturbations differs from the scalar barotropic case where the
longitudinal perturbations propagation speed is given by c2L = −dT/dU [19], and therefore its two-dimensional form
has to be derived to conclude on these kinds of instabilities. Nevertheless, by analogy with the scalar case, since, in the
non-perturbed case and in the infinite string limit, the equation of state verifies U + T = 2M2 [22], the longitudinal
perturbation propagation speed might be close to the speed of the light, even with small backreaction, and therefore,
only transverse stability would be relevant in macroscopic string stability with massless fermionic currents.
VII. CONCLUSION
The energy per unit length and the tension of a cosmic string carrying fermionic massless currents were derived
in the frame of the Witten model in the neutral limit. Contrary to bosonic charge carriers, the two-dimensional
quantization required to deal with fermions, leads to more than one state parameter in order to yield a well-defined
equation of state. They can be chosen, at zeroth order, as fermion densities trapped in the string regardless of charge
conjugation. The minimal backreaction correction appears through the fermionic charge current magnitude which
involves the asymmetry angles between the number of particles and anti-particles trapped in the string, and which
might be identified with the baryonic number of the plasma in which the string was formed during the phase transition.
As a result, it is shown that fermionic charge currents can be lightlike, spacelike as well as timelike. Moreover the line
energy density and the tension evolve globally as in the bosonic charge carriers case, but it was found that the tension
can take negative values in extreme regions where the fermion densities are close to the string mass, and where the
string is therefore unstable with respect to transverse perturbations according to the macroscopic formalism.
The present model has been built on the generic existence of fermionic zero modes in the string and follows only
a semi-classical approach. It is no longer valid for higher corrections in the backreaction when they modify notably
the vortex background and seem to give effective mass to the previous zero modes. It may be conjectured, at this
stage, that in a full quantum theory, the quantum loop corrections give mass to the zero modes for high currents and
consequently might lead to their decay by the mean of massive states. Only chiral charge currents could be stable on
cosmic string carrying large fermionic massless currents in such a case. Another possible effect, relevant for vortons
stability, may be expected for loops with small radius of curvature, by means of the vacuum effects which could render
the loop unstable to fermion condensation.
It will be interesting to quantify such modifications on the equation of state in future works, as the effects of
worldsheet curvature, and the modification of the density line energy and tension by the massive bound states. The
field of validity of the model could therefore be extended to higher energy scales which would be more relevant for
vortons and string formation.
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